We discuss new bounce-like (but non-time-reversal-invariant-) solutions to Euclidean equations of motion, which we dub boomerons. In the Euclidean path integral approach to quantum theories, boomerons make an imaginary contribution to the vacuum energy. The fake vacuum instabilty can be removed by cancelling boomeron contributions against contributions from time reversed boomerons (anti-boomerons). The cancellation rests on a sign choice whose significance is not completely understood in the path integral method.
Introduction
where Φ denotes the coordinates in the quantum theory, H is the Hamiltonian operator, S E is the Euclidean action (the imaginary time action) and N is a normalization factor.
This formula is often exploited to compute the decay rates of metastable false ground states of the quantum theory by evaluating the path integral on the right semiclassically. Briefly, the procedure [1] can be understood by considering particle mechanics in one dimension. The action in real time is S = dt[ 1 2q 2 − V (q)]. Consider a potential V (q) as shown in Fig. 1 . The point q = a is a classical ground state. Quantum mechanically the particle penetrates the barrier to the right. The tunneling probability can be computed by the WKB method. The path integral (P.I.) method is an elegant alternative method, where one simply expands the right hand side of (1.1) about classical solutions of the Euclidean equations of motion that extremize the imaginary time action S E and satisfy the boundary condition lim t→±∞ q = a. Since S E = dt[ 1 2q 2 + V (q)], the extrema of S E are given by classical paths of a particle moving in the potential −V (q). q=a q=b q V Fig. 1 . The potential V has a local minimum at q = a. The escape point is at
In this case there is a nontrivial classical solution to the equations of motion known as the bounce. The bounce is given by the path q(t) that begins at q = a when t → −∞, "bounces" off the point q = b (with V (b) = V (a) = 0) and ends at q = a as t → ∞. Expanding S E about q up-to second order in the fluctuations we get, S E [δq] = S E [q] + dt δq[−d 2 t + d 2 V dq 2 (q)]δq + higher order, with δq = q − q. The functional integral over the quadratic fluctuations is a simple Gaussian one if the eigenvalues of the operator O[q] = −d 2 t + d 2 V dq 2 (q) are all non-negative. It is well known however, that the bounce is a saddle point of the action S E and O[q] has a single negative eigenvalue. The ill defined integration over the negative eigenmode can be done by continuing the eigenmode ψ to complex values, i.e., the integral dψ exp(−αψ 2 ), where α is the negative eigenvalue of O[q] can be performed through a contour along the imaginary ψ axis. The result is that the integral over the Gaussian fluctuations yields a formally imaginary quan- 
and the prime on one of the determinants indicates that the zero eigenvalue of O coming from the time translational invariance of the bounce is to be excluded in the computation of the determinant. Comparing this with (1.1) one sees that the ground state energy is given by
The first term in this expression is just the ground state energy of a harmonic oscillator, but the second term is imaginary and may be interpreted as the decay width of the metastable state localized near q = a.
Although the imaginary term is formally smaller in magnitude than orderh 2 terms that are neglected in this approximation, it is still the dominant contribution to any imaginary part in the energy and, heuristically, should provide an estimate of the decay width.
The confidence in the above method comes from its ability to reproduce the results of the more rigorous WKB approximation where the tunneling is seen as happenning through the path of least resistance q(t), t ∈ (−∞, 0) that extends between q = a and the "escape point" q = b on the "other side" of the barrier. The bounce solution of the P.I. approach is exactly the "sum" of the least resistance path of WKB and its time reversal conjugate. The bounce itself therefore, is time-reversal-(T ) invariant.
This formalism can be extended to multiple dimensions [2] . In a system with n coordinates q i , where i = 1, ..n, the paths of least resistance connect the false vacuum q f i to a surface Σ of zero potential that lies on the "other side" of the barrier. In the P.I. formalism, each such path extends to a T invariant bounce and makes an imaginary contribution to the vacuum energy. If there are several saddle points q i (α) (α = 1, 2..m), the imaginary part of the vacuum energy is given by
In this approximation one need retain only the dominant bounces which are the bounces with the least (Euclidean) action.
While the saddle points in the P.I. formalism include all the WKB trajectories as bounces, it is not obvious whether the least action saddle point of S E is always a bounce. If in some system the dominant imaginary contribution to the ground state energy comes from saddle points that are not bounces, the corresponding "decay width" (if non-zero) has nothing to do with tunneling and will signal a limitation of the P.I. formalism. In a non-compact one dimensional system like the one shown in Fig. 1 , all periodic solutions of the Euclidean equations of motion must retrace themselves backwards and be T invariant. This need not be true in systems with more degrees of freedom. Consider a two dimensional system with coordinates q 1 and q 2 (Fig. 2) . The origin is a minimum of the potential and there may be a loop-like trajectory along P that extremizes S E but is not invariant under time reversal. Because they lack T invariance, trajectories like this are not bounces and there is no corresponding WKB trajectory. Nevertheless, in the P.I. formalism, the determinant factor in K computed for them can in principle have a single negative eigenvalue and, like a bounce, they can make an imaginary contribution to the vacuum energy.
At this point the following questions arise: (i) Do trajectories like this actually exist for which K is imaginary?
(ii) Can such fake bounce solutions exist in quantum field theories? (iii) Does the P.I. formalism for computing the decay width of the vacuum fail when such solutions exist?
We will find answers to these questions in the next sections. In particular we will find that such fake bounces can exist even in field theories and indicate how one can take their effect into account in the P.I. formalism. Because these solutions to the equations of motion resemble (allegedly possible) periodic trajectories of a boomerang, we will call them "boomerons" to facilitate distinction with the bounces.
Boomerons in Quantum Mechanics
Let us show that the answer to question (i) of the previous section is in the affirmative. Consider quantum mechanics for a particle moving on a 2 dimensional sphere (S 2 ). Suppose the potential energy is minimized at the north pole where the particle attains its classical ground state. We are interested in closed trajectories on the sphere with one point fixed at the north pole. The space Ω(S 2 ) of these trajectories is not simply connected. In the language of algebraic geometry, Π 1 [Ω(S 2 )] ≃ Z, where Z is the set of all integers (see, for instance ref. [3] ).
If Ω(S 2 ) were a compact and finite dimensional space, this fact alone would suffice to prove the exitence of a boomeron. This is best illustrated by Fig. 3a where the torus is a compact and finite dimensional analogue of Ω(S 2 ). The height function on the torus plays the role of S E . If we look at non-contractible curves of winding number 1 based at the global minimum of S E at P , the saddle point at B emerges as the highest point of the curve with the lowest highest point (the mountain pass curve). The argument breaks down even for a simple non-compact space like the tapered cylinder of Fig. 3b where the saddle point B "escapes" to infinity. Nonetheless, in the P.I. formalism, a saddle point that is reached only asymptotically does make a contribution like any other saddle point [1] . Hence we will regard the non-triviality of Π 1 [Ω(S 2 )] as a strong indication of the existence of a boomeron. In this particular example the boomeron can be explicitly constructed for simple potentials on S 2 , such as a potential that is invariant for rotations around the axis joining the north and south poles. The boomeron trajectory then traces out a large circle passing through the north pole. This example not only establishes the existence of boomerons in quantum mechanics but also sheds light on an interesting aspect of the boomerons: they must exist whenever the classical vaccum is the global minimum of the potential and the space of closed trajectories passing through the classical vacuum is not a simply connected space. We do not preclude the existence boomerons that are not "topologically required" as above. For instance by attaching an infinite cylinder to the sphere (Fig. 4) , the topology of the configuration space is changed from S 2 to R 2 . Since Π 1 [Ω(R 2 )] is trivial, there are no topological requirements for the existence of the boomeron. Nevertheless, the boomeron continues to exist if the attached cylinder does not intersect the boomeron's path. In this case however, a new minimum of the action must appear in the form of the trajectory P ′ . The boomeron B is the saddle point between the two action minima at P and P ′ . What is unsatisfactory about this otherwise simple and straightforward procedure is that the P.I. formalism does not require us to make this sign choice. This is not a disaster, since the P.I. method for computing vacuum decay widths is, despite its elegance, a heuristic method. In the presence case it is not so much the wrong result that one gets upon a "wrong" choice of signs, as the perfect cancellation that one gets with the "correct" sign choice that we find intriguing. One would hope to understand the reason for this at a deeper level, perhaps in an extended version of the P.I. method where the orientation of the analytic continuation at one saddle point fixes the orientation of the analytic continuation at other saddle points in an un-ambiguous manner.
Boomerons and Path Integrals
There is also the need to check the familiar regularizations of the P.I. method carefully to see if the boomeron and the anti-boomeron contributions can indeed have opposite signs. Simple considerations suggest that the signs are not related and the correct signs may be chosen by convention. This also encourages us to conjecture that a regularization (or an extension of the P.I. formalism) requiring the correct signs exists instead.
Let us clarify this point with an example. Suppose a boomeron exists in a 4-dimensional bosonic field theory with real fields φ 1 , ...φ n which are components of scalar or gauge fields. The boomeron φ i (x, y, z, t), is not invariant under time reversal (φ i (x, y, z, t) = φ i (x, y, z, −t)). The finiteness of the boomeron action demands that the fields should approach constant values as x, y, z, t → ∞. Applying an SO(4) transformation Λ to the above configuration preserves the boundary conditions and yields another field configuration Λφ i which is also a boomeron with the same action. Integrating over the zero mode of SO(4) transformations therefore amounts to adding these boomeron contributions with the same sign. This is required in any regularization since the boomerons are connected by a continuous zero mode but the sign can not change continuously.
On the other hand, the anti-boomeron φ i and its SO(4) transforms (Λφ i ) are obtained from the original boomeron φ i by applying an O(4) transformation (namely, T ) that is not connected to identity. Thus the boomerons and anti-boomerons remain separated in the space of field configurations, and there is no apparent obstruction to having opposite analytic continuation at boomerons and anti-boomerons. The fact that O(4) is not a connected group is vital. The same is true of the symmetry group O(d) in d dimensional field theories (d ≥ 2). When d = 1, the appropriate symmetry group is Z 2 (T ) which is also a discrete group.
Boomerons in Field Theories

Scalar Fields
It is simple to show that for purely scalar field theories in dimensions greater than 2, the existence of a boomeron implies the existence of a bounce with an equal or lower action.
Consider a purely scalar field theory in d (d ≥ 2) dimensions. The Euclidean action is
where φ i are n real scalar fields and U is a potential which is normalized to be zero at the vacuum of interest. Under scale transformations x → λx with the positive parameter λ the terms T and V scale like:
the action we must therefore have,
This condition is satisfied by a non-trivial finite action field configuration only if V ≤ 0, which implies that the vacuum of interest is a false vacuum (i.e. U becomes negative somewhere) and bounce solutions also exist.
It is straightforward to show that there is always a bounce with an equal or lower action than any boomeron (should a boomeron exist). Suppose a boomeron φ i exists with T and V obeying (4.5). We can slice the boomeron into two halves using a d −1 dimensional plane. Let us call the two halves L and R (for left and right halves respectively). The integrals T and V appropriately split into integrals over L and R given by T (L), T (R), V (L) and V (R) respectively with T = T (L) + T (R) and V = V (L) + V (R). We slice the boomeron so that T (L) = T (R) = 1 2 T . The different ways of slicing the boomeron while preserving this condition are in one to one correspondence with the points on the group space SO(d). We choose a slicing for which V (R) is least. Then V (R) ≤ V (L). Let us call the axis perpendicular to the d − 1 dimensional plane separating L and R the time axis t. The slicing plane intersects this axis at t = 0 by convention, with t > 0 in the right half.
Using equation (4.5), the action of the boomeron is T
A timereversal-invariant-field configurationφ i is obtained from the boomeron φ i by replacing the left half with a mirror image of the right half.
for t > 0 (4.6)
The action of the new field configuration is lower than or equal to the the action of the boomeron
Althoughφ i is not likely to be smooth at t = 0, there are smooth field configurations in the neighbourhood ofφ i whose action is as close to that ofφ i as one wants. The configurationφ i does not satisfy (4.5) but one can scale transform the configuration by the parameter β (x, ..t → βx, ...βt) so that condition (4.5) is satisfied. Then the following statements are true for the scale transformed configurationφ β i . (i) β ≤ 1.
We show this as follows. Let us write
). Therefore the assertion in (ii) follows from the assertion in (i). φ β i is therefore a field configuration which satisfies (4.5) and is invariant under timereversal. It has been shown elsewhere [4, 5] that the action of such a field configuration bounds the action of a bounce from above. By the result in (ii) a bounce exists whose action is equal to or lower than the action of the boomeron.
The above results are actually valid for d = 2 also. However one must remember that the action in equation (4.4) does not include the most general renormalizable terms when d = 2. In particular, non-linear sigma models are excluded from the discussion. We will come back to this point again in the next section.
Gauge Fields and Topological Boomerons
When the field theory has gauge fields in addition to scalar fields, the arguments presented in the preceeding section do not hold. Let us show that in this case a boomeron may exist even if no bounce exists in the theory. We begin with a simple gauge theory in d dimensions. The action is
where D µ is the covariant derivative and F µν is the field strength. The potential U is gauge-invariant. One defines scale transformation by β as (x, . 
where the Higgs field Φ is a doublet under SU(2) and F µν is the SU(2) field strength.
The sphaleron solution is an O(3) invariant non-trivial time-independent solution of the equations of motion described by four real functions α, β, µ and ν of the radial coordinate r in R 3 (we follow the conventions of ref. [6] ). In the gauge A 0 = 0 the field A i = A a i (τ a /2i) (where τ a are the three Pauli matrices and i = 1, 2, 3) and the Higgs field Φ are given in terms of these functions as:
wherex is a unit three-vector in the radial direction , ξ is an arbitrary two component complex unit vector and the matrix valued functions {e k j } are defined as
(4.12)
Defining χ = α + iβ and φ = µ + iν one can show that the sphaleron exists and satisfies boundary conditions: |χ| → 1, χ|φ| 2 → φ 2 as r → 0 and ∂ µ χ → 0, r∂ µ φ → 0 as r → ∞.
The sphaleron is a saddle point of energy and has at least one unstable direction (a negative eigenvalue) associated with it. In ref. [6] it is shown that the sphaleron has in fact a single unstable direction if M H < 12.03 M W , where M H is the Higgs mass and M W is the mass of the gauge field.
If the same theory is dimensionally reduced to a 3-dimensional theory, the sphaleron becomes a saddle point of the Euclidean action (which is same as the energy functional of the 4-dimensional theory). However there is no false vacuum in the theory and the question of bounces does not arise.
The sphaleron is a topological boomeron in essentially the same way as our example from quantum mechanics in section 2 [7] . One often says that the existence of the sphaleron is related to the presence of multiple topological vacua in the 4-dimensional theory. The vacua are actually physically indistinguishable, being equivalent upto a gauge transformation. However there are non-contractible trajectories in the space of field configurations connecting these vacua. Because the end points are gauge equivalent, they are very much like the loops in the space Ω(S 2 ) described in section 2.
The topological vacua correspond to distinct maps from the compactified three space S 3 to the gauge group SU (2) . Such maps are characterized by the integer winding number n. The sphaleron is a field configuration of winding number 1/2 which is the "lowest" saddle point of energy between the vacua of winding numbers 0 and 1. In the 3-dimensional theory, where the sphaleron is a boomeron, a semiclassical estimate of the imaginary part of the vacuum energy will be zero only if the contributions of the sphaleron and the anti-sphaleron (whose winding number is −1/2) are made to cancel by design.
Do boomerons exist in 4-dimensional gauge theories? One can settle the question for topological boomerons that are sphalerons of a 5-dimensional theory and arise if a nontrivial map exists from the compactified space S 4 to the gauge group space G, i.e. π 4 (G) = I. The following table from ref. [8] is useful: An SU(2) or SU(4) gauge theory in 4-dimensions therefore has a boomeron-anti-boomeron pair purely on topological grounds. When SU (2) or SU(4) is embedded in a larger group, the boomerons continue to be extrema of S E . The existence of non-topological boomerons such as these can not be ruled out although it is not clear if the number of negative eigenmodes can still remain 1.
Since topological boomerons are easier to find we will remark on another kind arising in 2-dimensional non-linear sigma models. When the target space is a manifold M with local coordinates X µ , the action is:
where σ ∈ [0, 2π] is the compact space dimension, τ is time and g µν is a metric on M.
The classical ground state is the trivial configuration (X(σ) ≡ X 0 ) where X 0 minimizes the potential V . We are interested in field configurations X(σ, τ ) which begin and end (as τ → ±∞) at the classical ground state X(σ) ≡ X 0 . 
Is Time Reversal Invariance Necessary?
We have shown that the boomeron and the anti-boomeron contributions cancel each other if the action is time-reversal-(T ) invariant. One can ask what happens if S E (B) = S E (B)?
Although the sign of the contribution is opposite, the anti-boomeron is weighted by a different exponent than the boomeron and a perfect cancellation may not take place. Is it possible, then, to devise a situation where the P.I. formalism fails?
We will restrict ourselves to the purely bosonic case. Consider a 4-dimensional field theory first. Let us denote a generic gauge field by A and a generic scalar field by φ. Both are multiplets of some representation of the internal symmetry groups. Then there is only one T non-invariant renormalizable term that can be added to the action. It is obtained by contracting the field strength tensor with its dual:
the T invariant part of the action. In a Q.C.D. like theory the extra term may arise due to instanton effects and breaks CP and T . An interesting property of this term is that in the Euclidean form of the action this term is pure imaginary, i.e. ,
Under T this term goes to negative of itself (F ∧ F → −F ∧ F ). Because the Euclidean action is complex, the equations of motion coming from the real and imaginary parts of the action must be individually satisfied. The new equation coming from the imaginary part of the action is D ∧ F = 0 , (5.15) which is an identity. Therefore the boomerons and anti-boomerons of the T invariant theory remain boomerons and anti-boomerons when the new term is added to the action.
The contribution to the vacuum energy density from a boomeron anti-boomeron pair is (using the field theoretic generalization of (1.3)) where φ denotes the trivial configuration at the vacuum of interest. In view of our discussion above, the second term on the R.H.S may be chosen to be the complex conjugate of the first term and δE 0 receives no imaginary contribution from boomerons and antiboomerons.
The above result is surprising because the T invariance of the action, that seemed so vital for the cancellation between boomerons and anti-boomerons now seems redundant. On the other hand this is a satisfying result that establishes the independence of the robustness of the P.I. formalism from the symmetries of the action.
